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I
INTRODUCTION
The ring of continuous complex valued functions defined 
on a compact Hausdorff space is an algebraic structure which 
possesses many interesting properties. In this paper, some 
of the interesting properties of certain subrings, both ideals 
and subalgebras, are gathered together in a brief presentation. 
In addition to being a ring, the ring of continuous functions 
is also a Banach algebra and it will be considered as such. 
Since a Banach algebra is also a Banach space, it is helpful 
to be familiar with the concept of a Banach space.
Consider a vector space B over the field C of complex 
numbers. Suppose that there is a function defined on B which 
associates each element x in B with a real number ||x(| satisfy­
ing the following : (i) ||x|| > 0; ||x|| = 0 if and only if x =0;
(ii) If a belongs to C, then ||ax|| = |a| ||x||; (iii) ||x + y|| <
||x|| + ||y|| for all x, y belonging to B, In this case, the 
function is called a norm function and the space B is said to 
be a normed vector snace. The real number |)x|| is called the 
norm of the element x. Property (iii) is usually referred to 
as the triangle inequality for norms.
If B is a normed vector space, the norm function induces 
a metric on B, More precisely, define the function d on B x B 
to the real numbers by setting d(x,y) = ||x-y||. Then d is a 
metric on B,
- 1-
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Definition 1.1. A comnlex Banach space Is a normed vector 
space B over the field C of complex numbers which Is complete 
In the metric Induced by the norm.
In the above definition, B Is complete If every Cauchy 
sequence converges In the metric.
Since a Banach space B Is also a metric space, the metric 
Induces a topology on B In the usual manner.
Deflnltlon 1.2. Let B be a complex Banach space. A 
subset M of B Is called a linear manifold If, whenever x and 
y belong to B and a Is a complex number, x + y and ax belong 
to B.
Closed linear manifolds are usually called subspaces.
Definition 1.3. Let B be a Banach space. A linear 
functional on B Is a complex valued function F defined on B 
such that F(ax + py) == aF(x) + 3F(y) for all x,y belonging 
to B and a,3 belonging to C.
A linear functional F defined on a Banach space B Is 
said to be bounded If there Is a real number m such that 
I F(x) I < m* [|x|| for all x belonging to B, The set of all 
bounded linear functionals on B Is Itself a Banach space 
with the operations defined pointwise and with norm defined 
by ||f || = sup I y ) I . Another Important property of linear 
functionals Is that a linear functional Is bounded If and 
only If It Is continuous.
In close relation with the concepts of linear manifold 
and linear functional Is the well known Hahn-Banach Theorem.
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
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This theorem will be applied a number of times in obtaining 
the results in chapters 4 and 5* A form of this theorem may 
be stated as follows:
Theorem 1.1 (Hahn-Banach) Let B be a complex Banach 
space and let M be a closed linear manifold in B. Then if x 
in B does not belong to M, there exists a linear functional 
F defined on B such that F * 0 on M and F(x) = 1.
The above remarks also pertain to a Banach algebra, for 
it was mentioned earlier that a Banach algebra is also a 
Banach space.
Definition 1.4. Let R be a complex vector space. Then 
R is a Banach algebra if
(a) R is a Banach space whose norm satisfies 
||xy|| < ||x|| ||y|| for all x,y belonging to R;
(b) an operation of multiplication is*defined in R 
which satisfies
(i) a(xy) = (ax)y = x(ay)
(ii) x(yz) - (xy)z
(iii) x(y + z) = xy + xz
(y 4- z)x = yx + zx
for all scalars a and all x,y,z belonging to R.
R is a commutative algebra if multiplication in R is 
commutative.
Definition_l.5. Let R be a complex Banach algebra. A 
subset I of R is called an ideal if I is a linear manifold in 
R which has the additional property that xy belongs to I when-
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ever x belongs to R and y belongs to I.
An ideal I in R is a proper ideal if I is a proper subset 
of R. A proper ideal I of R is maximal if I is not a subset 
of any other proper ideal of R. I is a closed ideal if I is 
a closed subset of R, If I is a closed ideal in R, the set 
R/I of elements of the form x + I where x belongs to R is a 
Banach algebra under the usual operations and with norm de­
fined by ||x + l|| = inf ||x + y||. R/l is called the quotient
yel
algebra determined by I. It is a well known theorem of algebra 
that if R is commutative, R/l is a field if and only if I is 
maximal.
Definition 1.6. A subalgebra of a Banach algebra R is a
linear manifold which itself is an algebra.
Since a subalgebra is an algebra it possesses all of the
properties of an algebra, A proper subalgebra is maximal if
it is not a subset of any other proper subalgebra.
Now suppose that S is a compact Hausdorff space and let
C(S) denote the set of all continuous complex valued functions
defined on 8. For f,g belonging to C(S), define f + g to be
the function having the value f(p) + g(p) at the point p in S,
and f*g to be the function having the value f(p)*g(p) at p.
Further, for any complex number a let af be the function with
value aCf(p)] at p. In addition, for each f belonging to C(S)
define ||f|| = sup f{p). With these definitions C(S) is a com-peS
plex Banach algebra which is commutative and has a multiplica­
tive identity which will be denoted by 1, since it is the
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
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function which maps every point p in S to the real number 1.
We are concerned specifically with ideals and subalgebras 
of C(S). Chapter 2 contains some elements of the theory of 
Banach algebras on which the subject matter in the following 
chapters depends. In chapter 3 a characterization of the 
closed ideals of C(S) is given. The approach is straight­
forward. The same characterization can be obtained in an 
interesting fashion by means of the linear lattice formulation 
of the generalized Stone-Weierstrass theorem [9 ].
In chapters 4 and 5 attention is focused on the sub­
algebras of C(S). The content of chapter 4 is roughly a 
description of a maximal subalgebra of C(S), We consider the 
ideals in a subalgebra of C(S) in chapter 5> and find that the 
maximal ideals of a subalgebra are not exactly like those of 
C(S), particularly when S is a circle or an interval in the 
plane.
Repeated use of the Urysohn Lemma will be made in the 
following chapters. Some results also depend heavily on the 
Stone-Weierstrass Theorem. The statement of these theorems 
follows :
Theorem 1.2 (Urysohn Lemma). Let S be a normal space 
and let A and B be disjoint closed subsets of S. Then there 
exists a continuous function f defined on S with values in the
interval CO,l] such that f = 0 on A and f = 1 on B.
Theorem 1.3 (Stone-Weierstrass). Let S be a compact
Hausdorff space and let C(S) be the algebra of all continuous
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
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complex valued functions on S. Then if A is a closed sub­
algebra of C(S) such that the real functions in A separate 
points on S, and if A contains a nonzero constant function, 
then A = C(S).
We will also make use of a result of Mergelyan [3 ] 
which states that if f is a continuous function defined on 
a set E of measure zero in the plane, f can be uniformly 
approximated by rational functions having poles outside of 
E. Lastly, the well known Tietze Extension Theorem is 
applied in the proof of theorem 3-2,
Theorem 1.4 (Tietze), Let S be a normal space, E a 
closed subspace, and f a continuous real valued function 
defined on E whose values lie in the closed interval [a,b], 
Then f has a continuous extension f* defined on all of S with 
values in Ca,b],
The work concerning subalgebras was done by Kelson and 
Quigley [1 ], [2 ], The characterization of the closed ideals 
of C(S) has been presented by Stone [9 ] and others. Lorch [3 ] 
and Simmons [8] have been used as sources for definitions 
and fundamental theorems.
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PRELIMINARIES
In order to examine the properties of C(8), it is first 
necessary to consider some of the general theory of Banach 
algebraso This chapter is devoted to the elements of the 
general theory which are essential to the results put forth 
in later chapters»
We are interested in a commutative complex Banach algebra 
H which contains an identity element e, and we assume further 
that ||e|| = 1. It should be pointed out, perhaps, that if an
arbitrary Banach algebra has an identity element e, it is not
2necessarily true that e has norm 1, However, since e = e , 
lieII = Ije^ll < lie 11̂  and ||e|| > 1 always.
Now if 6 is a complex number, 6e belongs to H, and if a 
belongs to R, a - 6e is also an element of R, For each 
element a in R we define the spectrum of a, denoted by a(a),
to be the set of complex numbers 6 for which a •=■ 6e has no in­
verse. The complement of a(a) is called the resolvent set of 
a. The spectrum of an element plays a very important role in 
the study of R. Of particular importance is the fact that the 
spectrum of an element is nonempty. The verification of this 
fact involves the Introduction of a theory of Integration 
similar to the Cauchy theory of analytic functions (see C5l), 
and is beyond the scope of this presentation. Therefore, the 
following lemma is stated without proof.
-7-
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Lemma_2j_l. If a belongs to R, the spectrum of a is 
nonempty and every complex number 6 belonging to the spectrum 
of a satisfies | ô| < ||a||.
The next result which is also of particular importance 
asserts that there is only one complex Banach algebra which 
is a field; namely, the field of complex numbers.
Theorem 2.1. Let R be a commutative complex Banach 
algebra which is a field. Then R is isomorphic to the field 
of complex numbers.
Proof. Since R is a field, every nonzero element of R 
has an inverse in R. Let a belong to R. a(a) is nonempty, 
so there is a complex number 5 belonging to a(a). a - 6e 
belongs to R and a - 6e has no inverse in R, so a - 6e = O, 
or a = 6e. Now consider the mapping f;R — >C defined by 
f(a) = 6. It is trivial that f is well defined, one to one,
and preserves operations. To show that f is onto, let u be
an arbitrary complex number. Suppose that a / 0 belongs to 
R and that 6 belongs to cr(a). Then 6 ^ 0 ,  a - 6e has no 
inverse in R and it follows that u/ô(a-ôe) has no inverse.
Thus u belongs to a(^/6a) and f(p/ôa) = |jl. So f is an 
isomorphism of R onto C.
Corollary 2.1. If I is a maximal ideal in R, then R/l 
is isomorphic to the field of complex numbers.
Using the terminology of algebra, we will refer to an
element a belonging to R as a regular element if a has an in­
verse in R, and we will call a in R singular if a does not have
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
— B 9* *
an inverse in R.
T.emma 2.2. If I is a proper ideal of R and if a belongs 
to I, then a is singular.
Proof. If a is not singular a has an inverse b belonging
to R, and since I is an ideal, ab = e belongs to I, which
implies that I = R, a contradiction.
If a belongs to R, the set of elements of the form ga 
where 3 belongs to R is an ideal called the principal ideal 
generated by a.
Lemma 2.3. Let a belong to R, Then the ideal generated 
by a is a proper ideal if and only if a is singular.
Proof. Let (a) denote the ideal generated by a. If (a)
is a proper ideal a is singular by lemma 2.2. If a is singular,
no element of (a) has an inverse in R, because every element 
in (a) is of the form 3a where 3 belongs to R and a(3a) = e 
implies (a3)a = e. Thus e does not belong to (a) and (a) is 
a proper ideal.
Notice that by the above lemma, if a belongs to R and ô 
belongs to a(a), then the ideal generated by a - 6e is proper.
An important property of proper ideals is that the closure 
of a proper ideal is also a proper ideal. In order to verify 
this fact we first need to establish the following lemmas:
Lemma 2.4. If a belongs to R and if J|e-a|( <1, then a has 
an inverse b in R and
b = e + (e~a) + (e-a)^ + ... .
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Proof. Let a belong to R and suppose that ||e-a|| < 1. 
Consider the series e + (e-a) + (e-a)^ + . Let denote
the nth partial sum of this series. We will show that the 
sequence of partial sums of the series is Cauchy, from which 
it will follow that the series converges. Suppose e > 0, Then 
if n > m,
l|Sn - Ŝ ll = IKe-a)̂ "*"̂  + (e-a)^^^ + ... + (e-a)^||
= ||(8-a)™+^[l + (e-a) + ... + (e-a)'"-“-^] ||
< ||(e-a)ir^l (1 + ||e-a|| + ....)
= ||(e-a)ir^ (1 - ||e-a||)-l
m +1
Choose m^ so that |je-a|| < e (1 -r ||e-a||) then |jŝ  - 8̂ || < e
and the sequence S^, Sg, ,,, is Cauchy, and the series has a 
sum b.
Now we may write a in the form a = e - (e-a). Then
ab = [e-(e-a)][e + (e-a) + (e-a)^ +
= e + (e-a) + (e-a)^ + ... - (e-a) - (e-a)^-,.«
-  Q
Hence, b = e + (e-a) + ... is the inverse of a and the proof 
is complete.
The lemma asserts that there is a neighborhood of the 
identity in which every element has an inverse. From this it 
follows easily that if a belongs to R and a is regular, a has 
a neighborhood in which every element has an inverse. These 
remarks are verified in the proof of the next lemma,
T.ftTOTTifl 2_ 4. The set of regular elements in R is an open 
set. The set of singular elements is a closed set.
ReprocJucecJ with perm ission o f the copyright ow ner. Further reproctuction prohibitect w ithout perm ission.
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Proof. Let V denote the set of regular elements of R and 
suppose that a belongs to V, Then a has an Inverse b in R,
Let be the open sphere about e of radius 1. U ciV by the 
proceeding lemma. Let be the open sphere about a of radius 
1/IMI' Then if c belongs to ||ab-cb|| < ||a-c|| ||b|| < 1 and
cb belongs to U^, so cb has an inverse d in R, But
e = (cb)d =c(bd) and c has an inverse in R. Therefore o be­
longs to V, Hence, U and V is an open set. Since the set
of singular elements of R is the complement of V, the singular 
elements form a closed set.
Theorem 2.2. Let R be a commutative Banach algebra with 
an identity e and let I be a proper ideal of R, Then the 
closure I of I is also a proper ideal.
Proof. Let x and y belong to I. There exist sequences
x^ and y^ in I such that x^ — > x and y^ — > y. It follows
easily that x^ + y^ — > x + y. But x^ + y^ belongs to I for
each n, hence x + y belongs to I. Also, if a belongs to R,
ax^ belongs to I for each n and ax^ — > ax, so ax belongs to
I. Now since I is proper, I is a subset of the set U of 
singular elements of R. U is a closed set so I cr.U also. 
Therefore, every element belonging to 1 is singular and Ï 
is a proper ideal.
It will be helpful at this point to recall that Zom*s 
Lemma asserts that if P is a partially ordered set in which 
every chain (totally ordered subset) has an upper bound be­
longing to P, then P has a maximal element. We make use of 
Zorn’s Lemma in the proof of the next theorem.
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Theorem 2,3. Let R be a commutative Banach algebra with
identity e and let I be a proper ideal in H. Then there exists
a maximal ideal M of R such that !<= M.
Proof. Let P be the set of all proper ideals of R which
contain I. P is not empty since I belongs to P. Partially
order P by means of set inclusion. We wish to show that
every chain in P has an upper bound in P and apply Zorn's
Lemma, So let T be any totally ordered subset of P. Let
L = U j. We show that L is a proper ideal of R, Let a be
JeT
arbitrary in R and let b belong to L, There is an ideal J in 
T such that b belongs to J, Since J is an ideal, ab belongs 
to J, hence ab belongs to L, Also, if b and b* belong to L 
there are ideals J and J* in T such that b belongs to J and 
b* belongs to J*. Since T is totally ordered by set in­
clusion, either J c J ' or J*cr j. We may assume that Jc J',
Then b belongs to J* also and since J* is an ideal, b + b* 
belongs to J * so b + b* belongs to L. Hence L is an ideal. 
Since each J in T is a proper ideal, e does not belong to J 
for any J belonging to T, so e does not belong to L and L 
is proper.
It remains to show that L is an upper bound for T and
that L belongs to P. If K belongs to T and x is an element
of K, X belongs to U J, so x belongs to L. Thus K cL, and
JeT
L is an upper bound for T, Further, since I c J for all J be­
longing to T, I c=L and L belongs to P. Therefore, P has a 
maximal element M, Moreover, M is a maximal ideal of R and
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
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Corollary 2,1 asserts that If M is a maximal ideal,
R/M is isomorphic to the field of complex niumhers. Prom the 
proof of theorem 2.1 we see that if a + M belongs to R/M there 
is a complex number ô such that a + M  = 6(e+M)| that is, 
a + M = ôe + M, Moreover, this complex number is unique.
Hence, this determines in a natural way a mapping from the
set of maximal ideals to the complex numbers defined by a(M) = ô
where 6 is the unique complex number for which a + M = 6e + M,
We see that each element a in R may be thought of as a function 
on the set of maximal ideals. Also, the set of maximal ideals 
may be topologized in such a manner that all of these functions 
are continuous.
We define the topology by exhibiting a base for the 
topology. Let Z denote the set of maximal ideals of R, For 
Mq belonging to Z, e >0, and a^, a^ belonging to R, let
U(M^j â ,̂ ..., a^5 e) be the set of all M in Z for which 
|aĵ (M) - I ^ G, i =1, ..., n. The neighborhoods
U(M^;a^, a^i e) form a base for a topology on Z. It is
the weakest topology in which the functions a(M) are continuous.
The set of maximal Ideals, topologized and considered as 
a topological space, is most important in the study of Banach 
algebras. It is called the structure space of R. We will 
consider the structure space again in the next chapter.
Before concluding the discussion of Banach algebras it is 
desirable to consider the notion of a homomorphism. A
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
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homomorphism of a Banach algebra H into a Banach algebra R* 
is a continuous mapping which preserves addition, multiplica­
tion, and scalar multiplication* We are primarily interested 
in homomorphisms from a commutative Banach algebra R onto the 
algebra of complex numbers* Note that a homomorphism of this 
type is also a linear functional on R.
Lemsia_2_g_6o Let F be a homomorphism of R onto the complex 
numbers. Then ||f || = 1.
Proof. By definition, ||f || = sup * Since R has an
aeR
identity element e with ||e|| == 1, F(a) = F(ea) = F(e) F(a) for 
any a belonging to R and F(e) =1, So L = % which implies
that ||f || > 1. Now let a belong to R and suppose that F(a) = Ô. 
a - 6e belongs to R and a - Ôe is singular in H, because if 
a - 6e has an inverse b in R, l = F ( e )  = F[b(a-6e)] =
F(b) P(a-6e) = F(b)(6-6) = 0, which is impossible. So a - ôe
is singular and Ô belongs to a(a). Since 6 belongs to a(a),
|5| < ||a|| and I < 1. Thus ||f|| = 1.
Suppose that F is a homomorphism of R onto the complex 
numbers. Let I denote the kernel of F, Then I is an ideal 
in R. It can be shown that I is maximal. Let a belong to R 
and suppose that F(a) =6. Then F(a~0e) = 0  and a-ôe belongs 
to I. Therefore a + I = 6 e + I =  6(e+I), Thus F determines 
a mapping of R/I into the complex numbers by a + I — > 6. It 
is easily seen that this mapping is an isomorphism, and it 
follows that R/I is a field and I is maximal.
On the other hand, if I is a maximal ideal of R, R/l is
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
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a field and is isomorphic to the field of complex nnmbers "by 
a mapping Ho Then P = H ° tt, where rr is the natural homomor­
phism of H onto R/I9 is a homomorphism of R onto the complex 
numbers and the kernel of P is I, So every homomorphism of 
R onto the complex numbers determines a maximal ideal of R 
and every maximal ideal of R gives rise to a homomorphism of 
R onto the complex numbers. Thus the concepts of maximal 
ideal and homomorphism onto the field of complex numbers are 
equivalent» Of further importance, there are as many homomor­
phisms as there are maximal ideals» These remarks will be 
important in the next chapter.
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IDEALS
The concept of an Ideal is fundamental to the study of 
rings. In the present case9 where the ring C(S) is the ring 
of continuous complex valued functions on a compact Hausdorff 
space 89 the results are most interesting and seem to be re­
markable. We find that a proper closed ideal of C(S) is 
characterized by a certain closed subset of S, and in case 
the ideal is maximal this subset consists of a single point. 
Since C(S) is an algebra as well as a ring, an ideal of C(S) 
has the additional property of being a subspace of C(S) as 
well as a ring ideal, but the important results of this chap­
ter are obtained by considering the ideals of C(S) from the 
ring point of view.
Theorem 3.1. A subset I of 0(8) is a proper closed ideal 
of 0 (8 ) if and only if there exists a nonempty closed subset 
8q of 8 such that I is precisely the set of functions which 
vanish on I.
Proof. Let I be a proper closed ideal of 0(8) and let
8 q be the set of points in 8 on which every function in I
vanishes. 8^ is closed because 8^ = n . It must
f el
be shown that 8 ^ is nonempty. 8uppose 8 ^ is empty. Then for
each point p belonging to 8 there is a function f^ belonging
to I such that f (p) f 0. Further, the continuity of f im-y p
plies that there is a neighborhood of p such that f^ 0
—1 6 —
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anywhere on The union of all such neighborhoods, U^,
forms an open cover of S and, since S is compact, there exist
n
...9 Pĵ » points of S, such that 8 c: . Moreover, for
each neighborhood U , there is a function f belonging toPi Pi
I, i = 1, ...,n, such that f 0 anywhere on U , Hence,Pi Pi
the function f = f_ f_ + .. . + f f ^  does not vanish at anyPi Pi Pn Pn
point of 8 , and therefore 1/f is defined and continuous on 8 .
But I is an ideal and f belongs to I, so 1/f« f = 1 belongs to
I and it follows that I = C(8 ), a contradiction.
To prove the converse of the implication we suppose that 
8 ^ is a nonempty closed subset of 8 and let I be the set of 
those functions in C(8 ) which vanish on 8 .̂ Then if g belongs 
to C(S), f belongs to I, and p is an arbitrary point of 8 ,̂ 
(sf)(p) = s(p)f(p) = g(p)*0 = 0, and gf belongs to I. Also, 
if h is in I, (f + h)p = f(p) + h(p) = 0 and f + h belongs to
I. Hence, I is an ideal. Now if k is a limit point of I and 
€ > 0 is arbitrary, there is a function f in I such that 
|k(p) - f(p)| = |k(p)| < G and it follows that k(p) = 0 and 
k belongs to I. Thus I is closed and the proof is complete.
The following theorem illustrates the relationship be­
tween the quotient ring C{S)/I and the closed subset 8 ^ of 8 
which is associated with I. It will also be useful in obtain­
ing some of the results of the next section.
Theorem 3.2. Let I be a proper closed ideal of C(S) and 
let 8 ^ be that closed subset of 8 on which every function in 
I vanishes. Then C(S)/I is isomorphic to C(8 )̂.
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Proof. Define a mapping ^:C(S)/l — ^C(S^) by ^(f + I) =
fIs where f|s is the restriction of f to S„. ^ is obviouslyI O ' o o
well defined and preserves operations. Now suppose that f + I
and g + I belong toC(S)/l, I f f  + I=|=g + I, f - g  does not
belong toi and hence f - g does not vanish on S^. So there
is a point p belonging to 8 ^ for which f(p) f g(p). Thus,
5(f) f and 5 1-1, By the Tietze Extension Theorem,
any function belonging to C(8 )̂ can be extended to all of 8
and 5  is an onto mapping.
Note that if and Ig are closed ideals of C(8 ) with
associated subsets 8 ^ and 8 g of 8 respectively, then I^czlg
if and only if SgC; s^. For if I^crl^ and f belongs to I^, f
vanishes on 8 ,̂ But f belongs to Ig also, hence f vanishes on
Sg. That is, f vanishes on 8 ^ only if f vanishes on 8 g, so
S^. Conversely, if Sg c: and f belongs to I^, f vanishes
on 8 .̂ But f vanishes on 8g also, because 8 g c:8 .̂ So f belongs
to %2 and Ig. It follows immediately that = Ig if and
only if 8 ^ = Sg.
Recall that a proper ideal I of C(S) is maximal in case
I is not a subset of any other proper ideal of C(S),
Theorem 1.3, Let I be a closed ideal of C(S) and let 8 ^
be the associated closed subset of 8 on which every function in
I vanishes, Then I is maximal if and only if 8 ^ consists of
a single point.
Proof. Suppose that I is maximal. If 8  ̂does not consist
of a single point, pick any point p in 8 ^ and let J be the set 
of functions belonging to C(8 ) which vanish at p. Then J is a
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proper closed Ideal of C(S) by theorem 3«1® Also, if f belongs 
to I, f vanishes on and in particular, f(p) =0, so f be­
longs to J and 1 '= J. I =1= J because f {p}. Hence, I is a 
proper subset of J contrary to the maximality of I.
Let I be the closed ideal of C(S) which consists of those 
functions which vanish at a point p in S. We show that I is
maximal by showing that if f does not belong to I, the ideal
generated by I and f contains 1 and is therefore C(S). We 
may assume that f(p) = 1. Let g = f - 1. Then g(p) = 0 and 
g belongs to I. Hence, 1 = f - g belongs to the ideal generated 
by I and f and this ideal must be C(S).
It was pointed out in the preceding chapter that the set
of maximal ideals of a Banach algebra considered as a topologi­
cal space is most important in the study of Banach algebras.
In the present case, the above theorem tells us that there is 
a natural 1-1 correspondence between this space and 8 . More­
over, the topology which we defined on the structure space in 
chapter 2 is identical with the topology on S (see [5]). This
enables us to identify the structure space of C(S) with 8 and
we will do so throughout the remainder of the paper.
Let p be a point belonging to 8 and consider for a moment
the mapping P^î G(S) — >C given by F^(f) = f(p), is a
homomorphism of C(S) onto the complex numbers. The kernel of 
Fp, which consists of the functions f for which f(p) = 0 , is 
a maximal ideal of C(S). Theorem 3.3 asserts that these are 
the only maximal ideals. That is, every maximal ideal of C(S)
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is the kernel of a homomorphism F . By the remarks at the 
end of the proceeding chapter, the homomorphisms onto the 
field of complex numbers of the form are the only ones. 
These remarks essentially prove the following theorem, with 
which we conclude the present chapter.
Theorem 1.4. Let M be a maximal ideal of C(S). Then 
M is the kernel of a homomorphism F of C(S) onto the complex 
numbers which has the form F(f) = f(p) for some point p be­
longing to S.
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SUBALGEBRAS
After dlsoussing the ideals of C(S), it seems appropriate
to consider subalgebras. A subalgebra of a Banach algebra is
a linear manifold which is itself an algebra with the same op­
erations. We concern ourselves with a proper closed maximal 
subalgebra A of C{S), maximal in the sense that A is not a 
subset of any other proper subalgebra. The results contained 
in this chapter exhibit some of the properties of A.
Lemma 4.1. Let A and B be subsets of C(S) and let A*B 
denote the set of elements of the form ap where a belongs to 
A and 0 belongs to B. If A * B A ,  then A*B*= A.
Proof. Let 0 belong to B and choose an arbitrary ele­
ment a from A. If e > O, there exists 0* in B such that
1)0 - 0*11 < e/||a||. But a0* belongs to A since A« Be A. Also,
||ap -  ag'll < i|a|| ||3 - B ’ II < s .
Hence, a0 is a limit point of A and a0 belongs to A,
Since the maximal ideals of C(S) were discussed in chap­
ter 3» the case where A is a maximal ideal has been considered, 
The next two results enable us to remove this case from the 
present discussion.
Lemma 4'. 2. A proper closed maximal subalgebra A of C(S) 
which is an ideal is a maximal ideal.
The proof of this lemma is trivial. If A is not a maxi­
mal ideal, A is properly contained in a maximal ideal which
- 21 -
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will be a subalgebra, contrary to maximality of A,
Theorem 4.1. Let A be a proper closed maximal subalgebra 
of C(S)o If A is not a maximal ideal, A contains all of the 
constant functions»
Proof» Suppose that A does not contain the constant 
functions» Let B be the set of functions of the form 0 + z 
where 0 belongs to A and z is a complex number» Then B is a 
subalgebra of C(S) and A crB» Since A is maximal, B = C(S ).
Now if $ is an element of A and 0 + z belongs to B, ljl(0-tz) =
$0 + ÿz belongs to A. Hence, A*Be A and this implies that 
A*B<^A (lemma 4»1) ; that is, A'C(S) e A. So A is an ideal, 
hence a maximal ideal, a contradiction»
The above theorem asserts that A is either a maximal 
ideal or A contains all of the constant functions» Therefore, 
we assume that A contains all of the constant functions since 
the other case has been considered»
Theorem 4»2» Let A be a proper closed maximal sub- 
algebra of C(S) which contains all of the constant functions » 
Then either A separates points on S, or A is precisely the set 
of those functions f belonging to C(S) for which f(p) = f(q), 
where p and q are certain distinct points of S»
Proof» Suppose that A does not separate points on S.
Then there exist distinct points p and q of S such that 0(p) = 
0(q) for all functions 0 belonging to A» Thus, A is a subset 
of the algebra of all functions f of C(S) for which f(p) = f(q) 
But A is maximal, so A is precisely this algebra»
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
—  23“
Henceforth, we will assume that A separates points on S. 
Thus, we are investigating the properties of a proper closed 
maximal subalgebra of C(S) which contains all of the constant 
functions and separates points on S.
Lemma 4.3. Suppose that A contains a closed ideal I of 
C(S). Then A/I is a maximal closed subalgebra of C(S)/l.
Proof. Suppose that the theorem is not true. Then there 
is a proper closed subalgebra D* of C(S)/l such that 
a/I ̂ D* ^C(S)/I, Let D be the set of functions f such that 
f + I belongs to D*. It is easily verified that D is a proper 
closed subalgebra of C(S). But A‘- D, contrary to maximality 
of A.
Lemma 4.4-. If A is not an integral domain, there exists 
a proper closed ideal I of C(S) such that Ic A.
Proof. Suppose that 0 and $ belong to A and that 0 =  0.
It will be shown that either » C(S) c: A or 0*C(S) crA, If
0»C(S) A, there is a function f in C(S) such that 0«f does
not belong to A. Let B be the set of all elements of the form
(0*f) + ... + (0*f)^, where the belong to A. B
is a subalgebra of C(S) and Ac B. The maximality of A implies
that B = C(S). Let a = (0*f) + ... + a^(0-f)^ belong
to B. Since $ « 0 = 0, = ifjâ which belongs to A. Applying
lemma 4.1, ijj • B = tf*C(S)ciA. So if A has zero divisors, take
I to be the set of all ÿ in A such that $ » C(8 )c A. Then I
is a closed ideal of C(S) as is easily verified.
Theorem 4.3. Let A be a proper closed maximal subalgebra
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of C(S) which contains all of the constant functions and 
separates points on S« Then there exists a nonempty closed 
subset of S such that A contains the set of all func­
tions in C(S) which vanish on Moreover, A has zero divis­
ors if and only if ^ S,
Proof. If A is an integral domain, let 3 ^ = 3  and A^ 
is the set consisting of the zero function. If A has zero 
divisors, let A^ be the set of functions $ in A for which 
ÿ.C(3 )c: A. Then A^ is a proper closed ideal of C(S) and con­
sists of those functions in C(3) which vanish on a certain 
proper closed subset 3^ of 3.
Suppose that 3^ / 3. Then 3 has a point p which does 
not belong to S^„ Since A is not an ideal, there is a func­
tion 0 belonging to A such that 0 is not identically zero on 
Sq, for if every function in A vanished on 3^, A would be 
equal to A^ and would therefore be an ideal. Now 8 is compact, 
Hausdorff, and therefore normal, so there is an open set IT such 
that 3 <̂= U and p U . The Urysohn Lemma gives us a continuous 
function f which is 0 on Ü and 1 at p, and a continuous func­
tion g which is 0 on the compliment of U and 1 on 3^, f 
belongs to A^ because f = 0 on 3^, so g«f belongs to A^ and, 
a fortiori, g*f belongs to A, It is obvious that 3 = IT U 3 ^ U 
and that (g«f)*0 = 0  on 8 . Hence, A has zero divisors.
Corollary 4.1. A/A^ is a proper closed maximal subalgebra 
of C(S)/A^.
Corollary 4.2. A/A^ is an integral domain.
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Proof. If A/Aq is not an integral domain, by lemma 4.4 
and corollary 4,1 A/A^ contains a proper closed ideal of 
C(S)/Aq , So A/A^ will be shown to be an integral domain by 
showing that a/a^ does not contain a proper closed (non­
trivial) ideal of C(S)/Aq„
Suppose that B/A^ is a proper closed ideal of C(S)/A^ 
and that B/A^<= A/A^, Recall that C(S)/A^ is isomorphic to 
C(Sq) under the mapping ^ defined in the proof of theorem 3 .2 , 
Thus, it follows that if g belongs to C(S^) and §°"̂ (g) is in 
A/A^, then an extension of g to all of S belongs to A. Now 
let ^Cb/Aq] = K, K is a proper closed ideal of C(S^), There­
fore, there is a closed subset 5^ of S^ such that K is pre­
cisely the subset of C(S^) consisting of the functions which 
vanish on S^, Let g be in K and let f be a function in A for 
which g = f|S^ choose 0 in 0(8) arbitrarily. Then g«0|s^ 
belongs to K, from which it follows that f*0 belongs to B cA. 
Hence, f«C(S)^ A and f belongs to A^f that is, K is the sub­
set of C(S^) consisting of those functions which are restric­
tions to of the functions belonging to A^. But every 
function in A^ vanishes on S^, so K is the trivial ideal and 
= 8 .̂ Thus B = A^, and A/A^ is an integral domain.
The above theorem implies that there is a closed subset
8_ of 8 such that A is the set of continuous functions which o
are extensions to all of 8 of the functions belonging to a 
maximal subalgebra B of C(8^). Furthermore, B is an integral 
domain (B = A/A under ^). On the other hand, if 8 is a
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closed subset of S and if B Is a maximal subalgebra of C(8 ^), 
then the set of functions in C(S) which are extensions to 8 
of the functions in B form a maximal subalgebra of C(8 )«
The following theorem could easily be stated as another 
corollary to theorem 4.3, but it seems pertinent to the de­
scription of the subalgebra A, so it is listed as a theorem.
Theorem 4.4. Let A be a proper closed maximal subalgebra 
of C(8 ) which contains all of the constant functions and sepa­
rates points on 8 , Then A is an integral domain if and only 
if A does not contain a proper closed ideal of C(8 ) other than 
the trivial ideal.
Proof. The sufficiency has been established by lemma 
4.4. The contrapositive of the necessity of the condition 
follows directly from theorem 4.3. If A contains a proper 
closed ideal of C(S), this ideal consists of the functions 
which vanish on a proper closed subset 8 ^ of 8 , and A has 
zero divisors.
For the remainder of this chapter, we turn our attention 
to A as an integral domain. The next theorems appear to be 
very interesting, as well as being relevant to the description 
of A.
Theorem 4.5. Let A be a proper closed maximal subalgebra 
of C(8 ) which contains all of the constant functions and sepa­
rates points on 8 . If A is an integral domain, then every 
element of A which vanishes on a empty open subset of 8 
vanishes identically on S.
R eproduced  with perm ission o f the copyright ow ner. Further reproduction prohibited w ithout perm ission.
— 27“
Proof, Let 0 belong to A. If 0 = 0 on a nonempty open 
subset of S but Is not the zero function, there is a nonzero 
function f for which 0*f = 0 on S. By an argument identical 
to that in the proof of lemma 4.4, A contains a proper closed 
ideal of C(S), Hence, A is not an integral domain, a contra­
diction.
Theorem 4.6. Let A be a proper closed maximal subalgebra 
of C(S) which contains all of the constant functions and sepa­
rates points on 8. If A is an integral domain, A is integrally
closed in the following sense: If 0 and |f belong to A, 0 7̂ 0,
$ 7̂ 0, and if 0 = f$ for a continuous function f which satis­
fies an equation of the form
f̂  + f^“  ̂ + ... + = 0, (1)
where the belong to A, then f belongs to A.
Proof. In the same manner that theorem 4,5 was proved, 
we will deny the theorem and show that A has zero divisors.
Let 0 and $ belong to A and suppose that f satisfies (1), If 
f does not belong to A, the set of elements of the form
f + ,., + f® is dense in C(S). Let a = a^+ a^f + ,,, + f™, 
Then 0 + .. , + 0®, which belongs
to A. Thus ' C(8 ) c= A and A contains a proper closed ideal
of C(8 ), which implies that A has zero divisors.
Note that without the results of chapter 3, very little
can be said about the algebra A, However, the characterization
of the closed ideals of 0 (8 ) serves as a tool by means of which
some interesting properties of A may be established. For the 
purposes of this paper, the description of A is complete.
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IDEALS IN SUBALGEBRAS 
It was shown in chapter 3 that the only maximal ideals 
of C(S) are those which correspond to the points of S. In 
this chapter we wish to describe to some extent the maximal 
ideals of a subalgebra of C(S), Let A be a proper closed sub­
algebra of C(S). If I is a subset of A which consists of 
those functions which vanish on a certain closed subset of 
8, I is an ideal of A. If this closed subset consists of a 
single point, then I is a maximal ideal of A. However, these 
are not necessarily the only maximal ideals of A. The two 
theorems of this chapter establish conditions under which A 
has maximal ideals other than those which correspond to the 
points of S.
We begin with the following lemma: »
Lemma 9.1. Let A be a proper closed subalgebra of C(S) 
which contains the scalars and separates points on S, and 
suppose that the only maximal ideals of A are those which 
correspond to the points of So If A contains a function 0 
such that 0(p) / 0 for any point p in 8, then
(i) 1/0 belongs to A 5
(ii) r(0) belongs to A whenever r is a rational function 
such that r(0) is continuous on S.
Proof. Since 0(p) / 0 for any point p in 8, 1/0 is de­
fined and continuous on S. Suppose that 1/0 does not belong
to A. Then 0 is singular in A and the ideal generated by 0
—2 8 —
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Is a proper ideal. Therefore, this ideal is contained in a 
maximal ideal and so 0 belongs to a maximal ideal of A, But 
the only maximal ideals of A are those which correspond to the 
points of S, and 0 / 0 at any point of S, a contradiction,
(ii) If r is a rational function such that r(0) is 
continuous, r(0) is of the form r(0) = a(0)/b(0) where a and 
b are polynomials, a(0) and b(0) belong to A because A is an 
algebra, and b(0) ^ O at any point of S because r(0) is con­
tinuous on S, By (i) l/b(0) belongs to A and it follows that 
l/b(0)«a(0) = r(0) belongs to A.
Theorem 5.1, Let S be a circle or a closed arc and let 
A be a proper closed subalgebra of C(S) which contains the 
scalars and separates points. Suppose that A has a subset B 
which contains the scalars and separates points, and has the 
property that if 0 belongs to B, 0 maps S onto a plane set of 
Lebesgue measure zero. Then A has maximal ideals other than 
those which correspond to the points of S,
Proof. Suppose that the only maximal ideals of A are 
those which correspond to the points of S. Let 0 belong to 
B and let E denote the image of 8 under 0, Then E has 
measure zero. Now if f is a continuous function on E, f can 
be uniformly approximated by rational functions having poles 
outside of E. If r is such a rational function, r(0) is con­
tinuous on S and r(0) belongs to A, Therefore, f(0) can be 
uniformly approximated by a function r(0) which belongs to A 
and f(0) belongs to A, If p and q are distinct points of S
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there is a function 0 in B such that 0(p) ^ 0(q.). Thus,
0 (p) and 0 (q.) can be separated by a real continuous function 
f; namely, f = re x (real part of x) or f = i m x  (imaginary 
coefficient of x) for x belonging to E. Also, f(0) belongs 
to A, so the subset of A consisting of all real valued func­
tions separates points on S, By the Stone-Weirstrass theorem, 
A = C(S), a contradiction. Therefore, A has maximal ideals 
other than those which correspond to the points of S,
The next result will state that, if A contains a function 
e^^ where 0 is real valued and not constant on a subinterval 
of S, A has maximal ideals other that those which correspond 
to the points of S, In order to prove the theorem we will 
need the following lemmas :
Lemma 6.2, Let A be a proper closed subalgebra of C(S),
Then there exists a non-trivial Borel measure n on 8 such
that /g ^ d(i = 0 for all ^ belonging to A, (u is not neces­
sarily nonnegative.)
Proof. Since A is a proper closed subalgebra of C(S), 
there is a function a in C(S) which does not belong to A,
The Hahn-Banach Theorem asserts that there exists a linear 
functional L on C(S) which is 0 on A and takes the value 1 
at a. Applying the Riesz Representation Theorem [6 ], there 
are two non-negative Borel measures, and Pg* such that 
L(f) = / g f du^ - /g f dUg for all functions f belonging to
C(S). Let M = - M̂2 * Then if $ belongs to A, / dp =
L($) = 0.
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Lemma 5.3. Let A be a proper closed subalgebra of C(S) 
which contains the scalars and separates points on Sp Suppose 
that A contains the function e^^ where 0 is real valued « Then, 
if g is a function defined and continuous on the unit circle, 
g(e^^) belongs to A,
Proof. Since e^^Jo at any point of S,l/e^^ belongs to A by 
lemma 5.1» Hence, e^^^ belongs to A for all integers n and, 
since A contains all of the constant functions, any sum of the 
form a^ e^^^ belongs to A. Now, any continuous periodic
function can be uniformly approximated by trigonometric poly­
nomials (functions of the form a^e^^^) [9 ], so g(e^^) can be
uniformly approximated by functions in A and g(e^^) belongs to A.
Lemma 5*4, Suppose that A is a proper closed subalgebra 
of C(S) and that the only maximal ideals of A are those which
correspond to the points of S. Let Y be a closed subset of S
and let B be the algebra of functions which are unifonn limits
on Y of the functions in A, Then the only maximal ideals of
B are those which correspond to the points of Y,
Proofo Let M be a maximal ideal of B. Then M is the
kernel of a non-trivial homomorphism F of B onto the complex 
numbers « Define the homomorphism G from A onto B by G($) = $|Yo 
Then F»G = H is a continuous non-trivial homomorphism of A onto 
the complex numbers. Since the only maximal ideals of A are 
those which correspond to the points of S, H is of the form 
H(ÿ) = ÿ(p) where p belongs to S. We wish to show that p be­
longs to Y. Since a homomorphism has norm 1, ||H($)|| = | l|T(p ) | .
Also, ||H(jl)|| = ||(F.G)(t)|| £ |[g (1i)](p )| < suPy^j|[G(t)](y)l .
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Suppose that p does not belong to Y, There Is a con­
tinuous function h defined on the unit circle which has the 
value 0 on the Image of Y under and takes the value 1 at
gi0(p)^ By the previous lemma, h(e^^) belongs to A, and there­
fore, ||H[h(e^^)] II = |h(e^^(^^ ) | = 1 . But sup^^y | h(e^^^^ ̂ ) | = 0 ,
yielding a contradiction. Hence, p belongs to Y and P Is given 
by P(^) = 1t(p ), where p Is Is In Y, from which It follows that 
M consists of those functions In B which vanish at p. Thus, 
all of the maximal ideals of B correspond to the points of Y,
In the proof of the next theorem it is necessary to make 
use of a theorem which Is due to G, E. Silov [?]. Sllov has 
shown that a normed ring with disconnected structure space 
can be decomposed Into a direct sum of ideals. More precisely, 
suppose that R Is a normed ring with space of maximal ideals Z 
and that Z Is disconnected. Then Z = Z^ U Zg where both Z^ 
and Zg are closed and Z^ and Z^ are disjoint. Then R can be 
decomposed Into the direct sum R = R^ ® Rg, where Z^ is the 
structure space of R^ and Z^ Is the structure space of Rg. 
Further, there Is a function cu in R such that w(M) = 1 for 
all M In Z^, and w(M) = 0 for all M In Zg. The actual proof 
of the theorem Involves the theory of several complex vari­
ables and will be omitted. We will apply the following lemma 
which Is a corollary to the theorem.
Lemma 5.5» Let A be a closed subalgebra of C(S) and 
suppose that A contains all of the constant functions, sepa­
rates points on S, and that the only maximal Ideals of A are
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those which correspond to the points of S. Then A contains 
the characteristic function of any subset of S which is both 
open and closed.
Theorem 5.2. Let S be a circle or a closed interval in 
the plane and let A be a proper closed subalgebra of C(S) 
which contains all of the constant functions and separates 
points on S. Then if A contains the function e^^ where 0 is 
real valued and is not constant on any subinterval of S, A 
has maximal ideals other than those which correspond to the 
points of S.
Proof, As in the proof of theorem 5.1» we will assume 
that the only maximal ideals of A are those which correspond 
to the points of S and find a contradiction. Let p be an 
arbitrary (i.e., not necessarily positive) Borel measure such 
that /g $dp = 0 for all $ belonging to A, Let I be a closed 
arc on the unit circle and let be the characteristic func­
tion of I. Let Yj be the set of points in S which e^^ maps 
into I, There exists a decreasing sequence of continuous 
functions f^ defined on the unit circle and converging uniformly 
to Cj. (The construction of such a sequence is simple. Each 
function is a piecewise linear function in the variable t, 
where t is the parameter by means of which the unit circle is 
defined) By lemma 5.3» f^(e^^) belongs to A for each positive
integer n. Therefore, if y is in A
= /g #].(e^^) dp
= 11m /<5 1J f„ (e^^) dpn — > OD ^
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Thus, if M Is a Borel measure such that $cLu = 0 for all
in A, then /«. = 0 for all ^ in A,
Now let B be the algebra consisting of those functions 
which are uniform limits on Yj of the functions in A, B is a 
closed subalgebra of C(Yj.) which contains the constant func­
tions and separates points on Yj, Moreover, lemma 5®^ asserts 
that the only maximal ideals of B are those which correspond 
to the points of S, and by lemma 5.5 B contains the character­
istic function of every subset of Yj which is both open and 
closed. Hence, if D is an open and closed subset of Y^,
/g ^dp = 0 for all $ belonging to A.
Let p and q be arbitrary distinct points of S, If it can 
be shown that A contains a real valued function which separates 
p and q, the Stone-Weierstrass Theorem may be applied and 
A = C(S), the desired contradiction. The problem is simple if 
gi0(p) ^ gi0(o.)̂  Then, either re ^ re or
im / im Take f = re x or f = im x, whichever
is appropriate, for x on the unit circle. Then f(e^^) be­
longs to A, is real valued, and f(e^^^^^) ^ f ). If 
gi0 (p) = gi0 (q.) ̂ 0 (p) - 0 {q) is a multiple of 2n because 0  
cannot be constant on the interval Cp,q]. Therefore, a closed 
arc I on the circle may be chosen small enough so as to contain 
gl0 (p) Its interior, but such that p and q do not lie in
a component of Y^, Making use of Urysohn*s Lemma again, there 
exists a continuous real valued function f defined on the unit 
circle which is 0 on the complement of the interior of I and
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1 at e^0(P)^ Furthermore, f(e^^) belongs to A, There exists 
a component D of which contains p but not q and C^, the 
characteristic function of D, belongs to B. Now C^f(e^^) is 
real valued, continuous, and separates p and q. Furthermore, 
if p is any Borel measure such that f g ijjdu = 0 for $ in A, 
then
<^0\ — /* f/ A ^0
i0 '
/ g  C g  f(e^^) du = / g  f(e^^)du
We next see that Cg f(e ^) belongs to A, because if not,
there is a linear functional L on C(S) such that LCCgf(e^^)] = 1
while L = 0 on A, and a Borel measure for which !,($) =
/g $ du^ for all ^ in C(S) so that /gCgf(e^^) du^ ^ 0, So the 
real valued functions in A separate the points on S and the 
Stone-Weierstrass Theorem implies that A = C(S), a contradiction.
In summary, we may say that it is possible that the struc­
ture space of a subalgebra of C(S) is not isomorphic to 8 .
In particular, a proper closed subalgebra which contains all 
of the constant functions and separates points of 8 will, by 
the above results, have elements in the structure space which 
do not correspond to the points of 8 under two conditions.
First, if the subalgebra contains a subset, each function of 
which maps 8 onto a plane set of measure zerc, then the sub­
algebra has maximal ideals other than those which correspond
to the points of 8 , 8 econdly, if the subalgebra contains a 
iCÎfunction e ^ where 0 is real valued and not constant on a  ̂
subinterval of 8 , then it has maximal ideals other than those 
which correspond to the points of S. These are surely not the
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only conditions. It is interesting to note that the proof 
of both of these results was done by contradiction, and that 
in both cases the contradiction was obtained by means of the 
Stone-Weierstrass Theorem,
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